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y1

C1 E1A1

a c e

y2

C2 E2A2

a c e

1.0 for MZ    1.0
0.5 for DZ

Twin1 Twin2

Neale & Cardon (1992)
Prescott (2004)
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Multilevel Growth Models
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(1)      yti =  η0i + η1i xt + εti

(2a)    η0i = α0 + γ0 wi + ζ0i

(2b)    η1i = α1 + γ1 wi + ζ1i

Individual Development Over Time

y1

w

y2 y3 y4

η0 η1

ε1 ε2 ε3 ε4

t = 1 t = 2 t = 3 t = 4

i = 1

i = 2

i = 3

y

x
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time ys i

Growth Modeling Approached In Two Ways:
Data Arranged As Wide Versus Long 

yti = ii + si
x timeti + εti

ii regressed on wi
si regressed on wi

• Long: Univariate, 2-Level Approach (CLUSTER = id)
Within Between

y

i s

w

w

i

s

The intercept i is called y in Mplus

• Wide: Multivariate, Single-Level Approach
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Growth Modeling Approached In Two Ways:
Data Arranged As Wide Versus Long (Continued) 

• Wide (one person):

t1 t2 t3 t1 t2 t3

Person i: id y1 y2 y3 x1 x2 x3 w

• Long (one cluster):

Person i: t1 id y1 x1 w
t2 id y2 x2 w
t3 id y3 x3 w

156

Time point t, individual i, cluster j.

ytij : individual-level, outcome variable
a1tij : individual-level, time-related variable (age, grade)
a2tij : individual-level, time-varying covariate
xij :    individual-level, time-invariant covariate
wj :    cluster-level covariate

Three-level analysis (Mplus considers Within and Between)

Level 1 (Within) : ytij = π0ij + π1ij a1tij + π2tij  a2tij + etij , (1)

π 0ij = ß00j + ß01j xij + r0ij ,
π 1ij = ß10j + ß11j xij + r1ij , (2)
π 2tij = ß20tj + ß21tj xij + r2tij .

ß00j = γ000 + γ001 wj + u00j ,
ß10j = γ100 + γ101 wj + u10j ,
ß20tj = γ200t + γ201t wj + u20tj ,                    (3)

ß01j = γ010 + γ011 wj + u01j ,
ß11j = γ110 + γ111 wj + u11j ,
ß21tj = γ2t0 + γ2t1 wj + u2tj .

Level 2 (Within)  :

Level 3 (Between) :

Three-Level Modeling In Multilevel Terms

ib

iw
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Within Between

iw

x

y1

sw

y2 y3 y4

ib

w

y1

sb

y2 y3 y4

Two-Level Growth Modeling
(Three-Level Modeling)
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Within

Between

LSAY Two-Level Growth Model

iw sw

mothed homeres

math7 math8 math9 math10

ib sb

mothed homeres

math7 math8 math9 math10
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Input For LSAY Two-Level Growth Model
With Free Time Scores And Covariates

FILE IS lsay98.dat;
FORMAT IS 3f8 f8.4 8f8.2 3f8 2f8.2;

DATA: 

NAMES ARE cohort id school weight math7 math8 math9 
math10 att7 att8 att9 att10 gender mothed homeres; 
USEOBS = (gender EQ 1 AND cohort EQ 2);
MISSING = ALL (999);
USEVAR = math7-math10 mothed homeres;
CLUSTER = school;

VARIABLE:

TYPE = TWOLEVEL;
ESTIMATOR = MUML;

ANALYSIS:

LSAY two-level growth model with free time scores 
and covariates

TITLE:

160

SAMPSTAT STANDARDIZED RESIDUAL;OUTPUT

%WITHIN%
iw sw | math7@0 math8@1
math9*2  (1)
math10*3 (2);
iw sw ON mothed homeres;

%BETWEEN%
ib sb | math7@0 math8@1
math9*2  (1)
math10*3 (2);
ib sb ON mothed homeres;

MODEL:

Input For LSAY Two-Level Growth Model With
Free Time Scores And Covariates (Continued)
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Output Excerpts LSAY Two-Level Growth Model
With Free Time Scores And Covariates

304132
136
114

6
2
1

Summary of Data
Number of clusters 50

Size (s) Cluster ID with Size s

30240

10434
30939

Average cluster size 18.627

Estimated Intraclass Correlations for the Y Variables

0.165MATH10
0.168MATH90.149MATH80.199MATH7

Variable
Intraclass
CorrelationVariable

Intraclass
Correlation

Intraclass
CorrelationVariable
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Tests Of Model Fit

Chi-square Test of Model Fit
Value 24.058*
Degrees of Freedom 14
P-Value 0.0451

CFI / TLI
CFI 0.997
TLI 0.995

RMSEA (Root Mean Square Error Of Approximation)
Estimate 0.028

SRMR (Standardized Root Mean Square Residual)
Value for Between 0.048
Value for Within 0.007

Output Excerpts LSAY Two-Level Growth Model
With Free Time Scores And Covariates (Continued)



82

163

Output Excerpts LSAY Two-Level Growth Model
With Free Time Scores And Covariates (Continued)

Model Results

Within Level

SW       ON
0.1730.1244.0310.2210.892HOMERES
0.2260.2467.6650.2321.780MOTHED

IW       ON
0.3683.85316.0760.2233.589MATH10
0.2882.67015.2200.1632.487MATH9
0.1281.0730.0000.0001.000MATH8

SW       BY

0.1760.1253.0470.0440.135HOMERES
0.0450.0490.8360.0630.053MOTHED
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Output Excerpts LSAY Two-Level Growth Model
With Free Time Scores And Covariates (Continued)

SW       WITH
0.2730.2734.0440.5222.112IW

0.9030.90315.3333.06947.060IW
0.22624.82911.1332.23024.829MATH10
0.16614.23712.5781.13214.237MATH9
0.17412.29813.7710.89312.298MATH8
0.19712.7488.8881.43412.748MATH7

Residual Variances
0.2030.2616.7090.0390.261MOTHED

HOMERES  WITH

1.0001.97028.6430.0691.970HOMERES
1.0000.84117.2170.0490.841MOTHED

Variances
0.9640.9643.8790.2861.110SW
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Output Excerpts LSAY Two-Level Growth Model
With Free Time Scores And Covariates (Continued)

Between Level

SB       ON
1.0112.1173.8761.8477.160HOMERES

-0.107-0.362-0.4742.587-1.225MOTHED
IB       ON

0.1150.70416.0760.2233.589MATH10
0.1190.48815.2200.1632.487MATH9
0.0520.1960.0000.0001.000MATH8

SB       BY

0.5750.5751.5380.2480.382IB
SB       WITH

0.0410.0860.0450.3730.017HOMERES
1.4935.0731.5380.6470.995MOTHED

Estimates    S.E.    Est./S.E. Std     StdYX
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Output Excerpts LSAY Two-Level Growth Model
With Free Time Scores And Covariates (Continued)

6.5093.10850.3750.0623.108HOMERES
7.8382.30753.2770.0432.307MOTHED

Means

1.0000.0873.8010.0230.087MOTHED
1.0000.2284.0660.0560.228HOMERES

Intercepts
9.9099.90912.5122.67833.510IB
0.8300.8300.2100.7760.163SB

0.1250.1250.8451.6901.428IB
0.0671.3952.7670.5041.395MATH10
0.0060.1050.4930.2130.105MATH9
0.0390.5442.0330.2680.544MATH8
0.1532.0593.7320.5522.059MATH7

Residual Variances
0.7330.1035.4880.0190.103MOTHED

HOMERES  WITH

Variances
-1.321-1.321-0.7130.071-0.051SB
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Output Excerpts LSAY Two-Level Growth Model
With Free Time Scores And Covariates (Continued)

R-Square
Within Level

0.036SW

R-Square
Latent
Variable

0.774MATH10
0.834MATH9
0.826MATH8
0.803MATH7

R-Square
Observed
Variable

0.097IW
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Output Excerpts LSAY Two-Level Growth Model
With Free Time Scores And Covariates (Continued)

R-Square
Between Level

0.23207E+01UndefinedSW

R-Square
Latent
Variable

0.933MATH10
0.994MATH9
0.961MATH8
0.847MATH7

R-Square
Observed
Variable

0.875IW
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Muthén, B. (1997). Latent variable modeling with longitudinal and 
multilevel data. In A. Raftery (ed), Sociological Methodology (pp. 
453-480). Boston: Blackwell Publishers. (#73)

Raudenbush, S.W. & Bryk, A.S. (2002).  Hierarchical linear models: 
Applications and data analysis methods.  Second edition.  Newbury 
Park, CA: Sage Publications.

Snijders, T. & Bosker, R. (1999).  Multilevel analysis. An introduction 
to basic and advanced multilevel modeling.  Thousand Oakes, CA: 
Sage Publications.

Further Readings On 
Three-Level Growth Modeling
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y1 y2 y3 y4

iw sw
s

Student (Within)

w

s ib sb

y1 y2 y3 y4

School (Between)

Multilevel Modeling With A Random
Slope For Latent Variables
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Two-Level, Two-Part Growth Modeling
Within Between

y1 y2 y3 y4

iuw

iyw syw

u1 u2 u3 u4

x

suw

y1 y2 y3 y4

iub

iyb syb

u1 u2 u3 u4

w

sub
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Multiple Indicator Growth Modeling
As Two-Level Analysis
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20 variables, 12 factors, 10 dimensions of integration for ML
ML very hard, WLS easy

ACE model 
constraint

Twin 2

Twin 1

i2

i1

Time 1 Time 2 Time 3 Time 4 Time 5

Wide Data Format, Single-Level Approach
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4 variables, 2 Level-2 and 2 Level-1 factors, 4 dimensions of integration for ML
ML feasible, WLS in development

i2

ACE model 
constraint

i1

Twin 1

Twin 2

Measurement invariance
Constant time-specific variances

Level-2 Variation
(Across Persons)

Level-1Variation
(Across Occasions)

Long Format, Two-Level Approach
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Multilevel Discrete-Time Survival Analysis
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Multilevel Discrete-Time Survival Analysis

• Muthén and Masyn (2005) in Journal of Educational and 
Behavioral Statistics

• Masyn dissertation

• Asparouhov and Muthén
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Multilevel Discrete-Time Survival 
Frailty Modeling

Within Between

u1 u2 u3 u4 u5

fwx

1 1 1 1 1

u1 u2 u3 u4 u5

fbw

1 1 1 1 1

Vermunt (2003)

178

References
(To request a Muthén paper, please email bmuthen@ucla.edu.)

Cross-sectional Data
Asparouhov, T. (2005). Sampling weights in latent variable modeling. 

Structural Equation Modeling, 12, 411-434.
Chambers, R.L. & Skinner, C.J. (2003).  Analysis of survey data.  Chichester:  

John Wiley & Sons.
Harnqvist, K., Gustafsson, J.E., Muthén, B. & Nelson, G. (1994). Hierarchical 

models of ability at class and individual levels. Intelligence, 18, 165-187. 
(#53)

Heck, R.H. (2001). Multilevel modeling with SEM. In G.A. Marcoulides & 
R.E. Schumacker (eds.), New developments and techniques in structural 
equation modeling (pp. 89-127). Lawrence Erlbaum Associates.

Hox, J. (2002). Multilevel analysis. Techniques and applications. Mahwah, NJ: 
Lawrence Erlbaum.

Kaplan, D. & Elliott, P.R. (1997). A didactic example of multilevel structural 
equation modeling applicable to the study of organizations. Structural 
Equation Modeling: A Multidisciplinary Journal, 4, 1-24.

Kaplan, D. & Ferguson, A.J (1999).  On the utilization of sample weights in 
latent variable models.  Structural Equation Modeling, 6, 305-321.



90

179

Kaplan, D. & Kresiman, M.B. (2000). On the validation of indicators of 
mathematics education using TIMSS: An application of multilevel 
covariance structure modeling. International Journal of Educational Policy, 
Research, and Practice, 1, 217-242.

Korn, E.L. & Graubard, B.I (1999).  Analysis of health surveys.  New York: 
John Wiley & Sons.

Kreft, I. & de Leeuw, J. (1998). Introducing multilevel modeling. Thousand 
Oakes, CA: Sage Publications.

Larsen & Merlo (2005). Appropriate assessment of neighborhood
effects on individual health: Integrating random and fixed effects in
multilevel logistic regression. American Journal of Epidemiology, 161, 
81-88.

Longford, N.T., & Muthén, B. (1992). Factor analysis for clustered 
observations. Psychometrika, 57, 581-597. (#41)

Ludtke Marsh, Robitzsch, Trautwein, Asparouhov, Muthen
(2007). Analysis of group level effects using multilevel modeling:
Probing a latent covariate approach. Submitted for publication.

Muthén, B. (1989). Latent variable modeling in heterogeneous populations. 
Psychometrika, 54, 557-585. (#24)

References (Continued)

180

References (Continued)
Muthén, B. (1990). Mean and covariance structure analysis of hierarchical data. 

Paper presented at the Psychometric Society meeting in Princeton, N.J., June 
1990. UCLA Statistics Series 62. (#32)

Muthén, B. (1991). Multilevel factor analysis of class and student achievement 
components. Journal of Educational Measurement, 28, 338-354. (#37)

Muthén, B. (1994). Multilevel covariance structure analysis. In J. Hox & I. Kreft
(eds.), Multilevel Modeling, a special issue of Sociological Methods & 
Research, 22, 376-398. (#55) 

Muthén, B., Khoo, S.T. & Gustafsson, J.E. (1997). Multilevel latent variable 
modeling in multiple populations. (#74)

Muthén, B. & Satorra, A. (1995). Complex sample data in structural equation 
modeling. In P. Marsden (ed.), Sociological Methodology 1995, 216-316. 
(#59)

Neale, M.C. & Cardon, L.R. (1992).  Methodology for genetic studies of twins 
and families.  Dordrecth, The Netherlands:  Kluwer.

Patterson, B.H., Dayton, C.M. & Graubard, B.I. (2002).  Latent class analysis of 
complex sample survey data: application to dietary data. Journal of the 
American Statistical Association, 97, 721-741.

Prescott, C.A. (2004). Using the Mplus computer program to estimate models for 
continuous and categorical data from twins. Behavior Genetics, 34, 17- 40.



91

181

References (Continued)
Raudenbush, S.W. & Bryk, A.S. (2002). Hierarchical linear models: Applications 

and data analysis methods. Second edition. Newbury Park, CA: Sage 
Publications.

Skinner, C.J., Holt, D. & Smith, T.M.F. (1989). Analysis of complex surveys. 
West Sussex, England, Wiley.

Snijders, T. & Bosker, R. (1999). Multilevel analysis. An introduction to basic 
and advanced multilevel modeling. Thousand Oakes, CA: Sage Publications.

Stapleton, L. (2002).  The incorporation of sample weights into multilevel 
structural equation models.  Structural Equation Modeling, 9, 475-502.

Vermunt, J.K. (2003).  Multilevel latent class models.  In Stolzenberg, R.M. 
(Ed.), Sociological Methodology (pp. 213-239).  New York: American 
Sociological Association.

Longitudinal Data

Choi, K.C. (2002). Latent variable regression in a three-level hierarchical 
modeling framework: A fully Bayesian approach. Doctoral dissertation, 
University of California, Los Angeles.

182

References (Continued)
Khoo, S.T. & Muthén, B. (2000). Longitudinal data on families: Growth 

modeling alternatives. Multivariate applications in substance use research, 
J. Rose, L. Chassin, C. Presson & J. Sherman (eds.), Hillsdale, N.J.: 
Erlbaum, pp. 43-78. (#79)

Masyn, K. E. (2003). Discrete-time survival mixture analysis for single and 
recurrent events using latent variables. Doctoral dissertation, University of 
California, Los Angeles.

Muthén, B. (1997). Latent variable modeling with longitudinal and multilevel 
data. In A. Raftery (ed.) Sociological Methodology (pp. 453-480). Boston: 
Blackwell Publishers. 

Muthén, B. (1997). Latent variable growth modeling with multilevel data. In 
M. Berkane (ed.), Latent variable modeling with application to causality
(149-161), New York: Springer Verlag.

Muthén, B. & Masyn, K. (in press). Discrete-time survival mixture analysis. 
Journal of Educational and Behavioral Statistics, Spring 2005.

Raudenbush, S.W. & Bryk, A.S. (2002).  Hierarchical linear models: 
Applications and data analysis methods.  Second edition.  Newbury Park, 
CA: Sage Publications. Snijders, T. & Bosker, R. (1999).  Multilevel 
analysis. An introduction to basic and advanced multilevel modeling.  
Thousand Oakes, CA: Sage Publications.



92

183

References (Continued)
Seltzer, M., Choi, K., Thum, Y.M. (2002). Examining relationships between 

where students start and how rapidly they progress: Implications for 
conducting analyses that help illuminate the distribution of achievement 
within schools. CSE Technical Report 560. CRESST, University of 
California, Los Angeles.

General

Mplus Analysis

Asparouhov, T. & Muthén, B. (2003a). Full-information maximum-likelihood 
estimation of general two-level latent variable models. In preparation.

Asparouhov, T. & Muthén, B. (2003b). Maximum-likelihood estimation in 
general latent variable modeling. In preparation.

Muthén, B. (2002). Beyond SEM: General latent variable modeling. 
Behaviormetrika, 29, 81-117.

Muthén, B. & Asparouhov, T. (2003b). Advances in latent variable modeling, 
part II: Integrating continuous and categorical latent variable modeling using 
Mplus. In preparation.

184

Numerical Integration

Aitkin, M. A general maximum likelihood analysis of variance components in 
generalized linear models. Biometrics, 1999, 55, 117-128.

Bock, R.D. & Aitkin, M. (1981). Marginal maximum likelihood estimation of 
item parameters: Application of an EM algorithm. Psychometrika, 46, 443-
459.

References (Continued)




